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We obtain analitically the v2 dependence of the drag force on a falling sphere close to the drag
crisis, as well as the drag coefficient at the drag crisis, with excellent agreement with experiment.
We take into account the effects of viscosity in creating a turbulent boundary layer and perform the
calculations using the Navier-Stokes equation.
PACS numbers: 05.20.Jj, 47.85.-g
We report in this paper the first derivation of both
the v2 dependence of the drag force and the drag coeffi-
cient at the drag crisis (abrupt decrease of the drag co-
efficient) for a falling sphere, which is in excellent agree-
ment with experimental results and is derived from the
Navier-Stokes equation. Previous works are far from the
well-known experimental results [1, 2]. We remark that
this is, to our knowledge, the first analytical derivation
taking into account the Navier-Stokes equation and the
character of the boundary layer, and which is in excellent
agreement with experimental data.
There is no theoretical determination of the velocity
dependence of the drag force based on the Navier-Stokes
equation that take into account the physics of the bound-
ary layer and accomplish with the dependence of the drag
force on the sphere velocity close to the drag crisis. We
understand that these achievements are important steps
towards the full understanding of the underlying aspects
of the physics of the drag crisis. The works in the liter-
ature that support our results are [1–13], in agreement
with the result for the drag coefficient reported in this
paper.
We start considering the case of the sphere falling in
the stationary state, with constant velocity in relation
to the ground. We consider the reference frame fixed
on the ground, where the Navier-Stokes equation for an
isotropic fluid reads
ρ~˙v − ρ~g + ~∇p− ~∇ · Γ = ~0, (1)
Γik = η
(
∂vi
∂xk
+
∂vk
∂xi
− 2
3
δik
∂vλ
∂xλ
)
+ ζδik
∂vλ
∂xλ
, (2)
where ~v is the fluid velocity field, ρ is the fluid density, ~g
is the external gravitational field, m is the sphere mass,
p is the pressure field, η and ζ are the first and the sec-
ond viscosity coefficients taken as constants and the dot
denotes the total time derivative. The Einstein summa-
tion convention is being used on repeated indices. For
divergence free velocity field fluids (constant density is a
sufficient condition), the Navier-Stokes equations turns
out to be
ρ~˙v − ρ~g + ~∇p− η~∇2~v = ~0. (3)
When we go to the reference frame fixed on the sphere,
the Navier-Stokes has the same form, but now ~g →
−~F/m, where ~F is the fluid force on the sphere at rest.
We assume null fluid velocity at the sphere surface, the
nonslip boundary condition on the surface of the sphere,
and steady state fluid velocity −h˙(t)eˆz far away from the
sphere, where h˙(t)eˆz is the the fall velocity of the cen-
ter of the sphere in relation to the ground and eˆz is the
vertical upwards versor.
We want to determine the force ~F the fluid exerts on
the sphere. Back to the general case, from the continuity
and Navier-Stokes equations we arrive to the equation
below for each component:
∂
∂t
(ρvj) = −ρFj
m
+
∂
∂xk
(−δjkp+ Γjk − ρvjvk) . (4)
Integrating Eq.4 in a fixed, arbitrary and nondeformable
control volume, we have:
∂
∂t
∫
ρ~vdV = −
∫
ρ
~F
m
dV +
∮
Π · nˆdS, (5)
where Π is the tensor:
Π = −1p+ Γ− ρ (~v ⊗ ~v) , (6)
1 is the identity tensor and ~v⊗~v is the dyadic product. In
general case, −~F/m is the non-inertial acceleration field,
the same at any point of the non-inertial frame fixed on
the sphere at a given instant. Hence, the fluid force on
the sphere is given by
~F
m
=
1∫
CV
ρdV
(∮
CS
Π · nˆdS − ∂
∂t
∫
CV
ρ~vdV
)
, (7)
where CV and CS are the control volume and the control
surface, respectively.
The fluid velocity field may be divided in three main re-
gions: the mainstream, the boundary layer and the wake
in Fig. 1.
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2Figure 1: Schematic draw of the main regions.
The stationary velocity field in the mainstream ~v∞(~r) is
taken as irrotational in virtue of the rapid decrease of
deformation outside the boundary layer compared to the
internal boundary layer region, at high Reynolds num-
bers. Hence, the velocity field is taken as potential flow
~v∞(~r) = ~∇K(~r) outside the boundary layer. For an in-
compressible fluid, K(~r) must obey the Laplace equation.
The boundary conditions for the stationary velocity field
are: at infinity it is lim
|~r|→∞
~v∞(~r) = −h˙∞(t)eˆz, whereas
it is tangent to the outer surface of the boundary layer.
The solution for the stationary fluid velocity field at the
mainstrean is
~v∞(~r) = −h˙∞(t)
[
1− (R+ δ)
3
r3
]
cos θeˆr
+h˙∞(t)
[
1 +
(R+ δ)
3
2r3
]
sin θeˆθ, (8)
where R is the sphere radius and δ is the thickness of
the boundary layer. The mainstream stationary velocity
field obeys the Navier-Stokes equation in the form of Eq.
(3) (with ~g → −~F/m). Since ~∇ × ~F = ~0, we define a
potential ϕ∞. Thus, we find a Bernoulli field, such that:
p∞ = p0∞ −
ρ
m
ϕ∞ − ρv
2
∞
2
, (9)
where p∞ is the pressure scalar field in the mainstream
region, p0∞ a constant pressure field. In order to evaluate
the force ~F∞ the fluid exerts on the sphere we recall the
Eqs. (6), (7), in the stationary state
~F∞ =
m∫
CV
ρdV
(∮
CS
Π∞ · nˆdS − ∂
∂t
∫
CV
ρ~v∞dV
)
,
(10)
Π∞ = [−1p∞ + Γ∞ − ρ (~v∞ ⊗ ~v∞)]|CS . (11)
We need to define an appropriate control volume and its
associated control surface. We choose the control surface
as the AFGBA surface, where BA is in contact with the
wake, as can be seen in Fig. 2.
Figure 2: Schematic draw of the control region.
The time dependent term in the rigth hand side of Eq.
(10) can be determined under the assumption that we
are interested in the brink of the drag crisis, where the
boundary layer is in a turbulent transition regime. In
that regime, the turbulent boundary layer does not have
a stationary state. But we are interested in the average
effect, which can be taken into account by considering
the ensemble average, which is time independent. Then,
we can neglect this term.
We can also neglect the term Γ∞ of Eq. (11), con-
sidering that the turbulent boundary layer has a bigger
velocity gradient in the surface AB (AB in contact with
the boundary layer) in comparison with the velocity gra-
dient in FG (the onset profile of the velocity internal to
the boundary layer will be, in few lines below, modeled
by a step function). This is because we are close to the
drag crisis, and the nonslip boundary condition imposes
big changes in velocity from the surface to regions close to
the sphere, within the boundary layer, and we are able to
choose the surface FG as far as we want from the sphere
surface, in order to have a smaller velocity gradient, even
though this gradient is within a turbulent region.
The integral in the denominator of Eq. (10) is m +
mBL, the sum of the mass of the sphere with the mass
of the boundary layer. The tensor ~v∞ ⊗ ~v∞ is null at
the surface AB in contact with the wake, by the non-
slip boundary condition, as well as at the surface close to
the separation points (AF and GB in Fig. 2), since the
velocity is close to zero in this region. We end up with
3~F∞ =
m
m+mBL
{
−
[∫
FG
+
∫
GB
+
∫
BA
+
∫
AF
]
1p∞ · nˆdS −
∫
FG
ρ (~v∞ ⊗ ~v∞) · nˆdS
}
. (12)
In order to calculate ~F∞, we have to determine the
steady state pressure field and the tensor (~v∞ ⊗ ~v∞).
Concerning the pressure field for a laminar boundary
layer, we have no change in this field for different dis-
tances from the surface of the sphere
∂p
∂r
≈ 0. (13)
[1]. However, for a turbulent boundary layer, close to the
drag crisis, Eq. (13) is not true for the pressure field p,
but it is a good approximation for the pressure field p
′
=
p+ρϕ~F /m. This pressure field incorporates the potential
related to the non-inertial irrotational force field. We
can assume this in the region between the surfaces FG
and CD, since this region is sufficiently thin and laminar.
Then,
pFG∞ = −
ρ
m
ϕ∞FG + p
0
∞ −
9
8
ρ
[
h˙∞(t)
]2
sin2 θ. (14)
The pressure field in the GBAF surface (BA in con-
tact with the wake) will be constant [3, 9]. Then, if we
are able to calculate the pressure field at the separation
point S (≡ B), we can calculate it in that surface. We
invoke that we can draw an SG (≡ BG) current line, at
the drag crisis, close to the B and G points where we
have low shear, since it is the separation point neighbor-
hood. Throughout this line, Euler equation is valid and
Bernoulli law too. Then we are able to support that
pS∞ = p
G
∞ +
1
2
ρv2∞ (R+ δ
′, θS) , (15)
since δ
′
<< R, where δ
′
is the radial distance from the
sphere surface until the FG surface. Then the pressure
field close to wake and the separation point, is given by
pS∞ = −
ρ
m
ϕ∞ (R+ δ′, θS) + p0∞ −
9
8
ρ
[
h˙∞(t)
]2
sin2 θS +
1
2
ρv2∞ (R+ δ
′, θS) . (16)
We will model the square velocity profile inside the
boundary layer as a step function, since it is a high gra-
dient velocity field close to the drag crisis, and we are able
to expand the time average of this field into a Fourier se-
ries. The value of the square velocity at the distance δ′
is then given by
v2∞ (R+ δ
′, θ) =
9
8
[
h˙∞(t)
]2
sin2 θ. (17)
Then, the pressure field close to the separation point will
be
pS∞ = −
ρ
m
ϕ∞GBAF + p
0
∞ −
9
16
ρ
[
h˙∞(t)
]2
sin2 θS , (18)
where GBAF is the region composed by the wake in con-
tact with the sphere plus the neighboring region to the
separation point. Since the region FG is turbulent, the
velocity field is not tangential there. We have to perform
a time average there. The turbulent velocity field, there,
is
~vFG = vFG (R+ δ
′, θ, t) [cosα(t) eˆr + sinα(t) eˆθ] , (19)
where α is the angle between the velocity of the fluid
and the normal vector of the FG spherical surface
(see Fig. 2). Then, the tensor which gives the lin-
ear momentum flux through FG is (~v ⊗ ~v)FG · nˆ =
~vFG (R+ δ
′, θ, t) [~vFG (R+ δ′, θ, t) · nˆ], and has an en-
semble average given by
〈
v2FG (R+ δ
′, θ, t)
[
cos2 α(t) eˆr + cosα(t) sinα(t) eˆθ
]〉
t
.
(20)
Assuming randomness in the angles α between the fluid
elements and the normal of the sphere surface, we find
that
(~v∞ ⊗ ~v∞) · nˆ = 1
2
〈
v2FG (R+ δ
′, θ, t)
〉
t
eˆr
=
9
16
[
h˙∞(t)
]2
sin2 θ eˆr. (21)
From the Eqs. (14), (18), (21) and (12) we are able to
calculate the force the fluid exerts on the sphere
4(
1 +
mCL
m
)
~F∞ = buoyancy force +
mCL
m
~F∞ +
9pi
32
ρ
[
h˙∞(t)
]2
R2 sin4 θS eˆz. (22)
The drag force is eventually given by
~Fd =
9pi
32
ρ
[
h˙∞(t)
]2
R2 sin4 θS eˆz, (23)
where ~Fd is the viscous drag force, since ~F
∞/m = −~g in
the stationary state. The drag coefficient CD at the drag
crisis is
CD =
2Fa
piρR2
[
h˙∞(t)
]2 = 0.44, (24)
since θS = 70, 4
◦ is the separation angle [3]. This coeffi-
cient is in excellent agreement with experimental results
[11].
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